In this paper we demonstrate some new proofs of suppressing zero-input overflow oscillations in resive digital filters. These proofs are based on the second method of Lyapunov For second-order digital filters with complex conjugated poles the state describes a trajectory in the phase plane, spiralling towards the origin, as long as no overflow correction is applied. Following this state signal an energy function can be defined,which is a natural candidate for a Lyapunov function. For the second-order direct form digital filter with a saturation characteristic this energy function is a Lyapunov function. However, this function is not the only possible Lyapunov function of this filter. All energy functions with anenergy matrix that is diagonally dominant, guarantee zero-input stability, if a saturation characteristic is used for overflow correction. In this paper we determine the condition a general second-order digital filters has to fulfil so that there exists at least one energy function with a matrix, which is diagonally dominant.
Introduction
In this paper we demonstrate sope new proofs of suppressing zero-input overflow oscillations in recursive digital filters, which have also been published in [I] . These proofs are based on the second rethal of L y e p m v , which starts with a properly chosen energy function B(n), preferably in quadratic form: B(n) = ,rT(n) .P.x(n). The existence of a Lyapunov function in a digital filter guarantees freedom from zero-input overflow oscillations. The idealized linear filter is assumed to be stable, so the state in this filter amymptotically approaches the zero-state, for which also the energy is zero. In the actual digital filter o v e r flow correction lowers the energy B(n), implying that also here the energy asymptotically reaches zero, implying zero-state, which completes the prove of zero-input stability.
Care must be taken if "<" is replaced by "I" in (1.5) so that the energy can remain constant. Such a situation occurs for a marginal choice of the matrix P, for which the energy function is called a semi-L y a p m v function. If, moreover, the equality sign in (1.8) applies it can occur that the energy remains constant, associated with the risk of zeroinput oscillations.
Overfla, stability in secolld-order filtera
In this section we investigate the overflow stability of second-on3er d l g l t a l fllters. For sake of conciseness, we restrict the following discussion to sections with complex poles. Compared with real poles, they generally favour all forms of parasitic oscillations (particularly for high Q-values) and thus deserve special consideration.
The 2 x 1 state vector x(n) = (x,,~,)~ in an autonomous second-order system satisfies the fundmental difference equation i.e. a monotonically decreasing function. Therefore, the function
is a natural candidate for a Lyapunov function. We choose x ( n ) as the "distance from the origin".
Overflow correction is now visualized in Fig. 2. 2.
An uncorrected state point B is mapped into B', B", or B"' after applying saturation. zeroing and two's complement, respectively. For this example all types lead to an increase of E ( n ) and, hence, to a movement away from the origin. On the other hand, for point C this is only true for zeroing and two's complement overflow correction.
For some ellipse gecmetries it is possible to use appropriate overflow characteristics such that the state always moves t-ds the origin and wcillations are suppressed. Obviously this is not the case for the arbitrarily oriented ellipse of Fig. 2 .2. However, it is easily recognized that for an ellipse whose ax-coincide with the xI-x.-axes, each of the three overflow cotrections satisfies the stability condition, while for an ellipse with a 450 inclination stabilization can be obtained at least with a saturation charar teristic. 
(3.7)
The system dynamics is such that if no overflow correction is applied, the energy decreases:
E'(n) = ez.E(n-l)
< E(n-1). 
E'(n)-E(n-l) = -(l+b). [a*x,(n-l)+(b-l) .~,(n-l)]~
5 0 for all n. (3.14)
In the nonlinear system saturation causes a reduction of the energy. If xI'(n) > 1 then after saturation a,(n) = 1 and with x,(n) = xa'(n):we have
E(n)-E' (n)= -[xI'(n)-ll-[(l-b).(l+x,'(n))-2a.x,'(n)]
< 0 for all n. 
Overflas stability in filtera with saturation
It is a comon property of normal, wave digital and lattice filters of second and higher order that the "energy, matrix" P is diagonal and that E(n)=constant are ellipses oriented parallel to the coordinate axes. Only this ellipse georetry allfor all overflow characteristics applied to the individual state variables, without risk of zero-input overflow oscillations. The inequality is valid due to s@(~,')=sgn(X,) and sgn(r,')=sgn(x,).
The question arises: Which
If only one of the c y n e n t s overflows, f.e. x,' > 1 then x, = 1, x, = X, and 1 2-(a ,+a , , ) ' -(a, I -a , , -~, , s B n ( p , ,) 1 1 1 0 . (4.15) The first factor of (4.15) is positive due to stability conditions. The second factor shows the reeining condition which can be written in the form For p , . = 0 the energy matrix P is diagonal which has a solution for a system matrix A satisfying condition (4.1). If condition (4.1) is & satisfied, which can only be true for filters with a l , . a l l < 0, we have according to (4.12) a discriminant which is negative, with as result that (4.11) describes the inner part of an elliptical curve in the p,,-pIzplane, which is non-empty, since R > 0.
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